Abstract. Some sharp inequalities of Grüss type for sequences of vectors in real or complex normed linear spaces are obtained. Applications for the discrete Fourier and Mellin transform are given. Estimates for polynomials with coefficients in normed spaces are provided as well.
Introduction
The following Grüss type inequalities for vectors in normed linear spaces are known. Theorem 1. Let (X, · ) be a normed linear space over the real or complex number field K (K = R, C) , α = (α 1 , . . . , α n ) ∈ R n , p = (p 1 , . . . , p n ) ∈ R n + with n i=1 p i = 1 and x = (x 1 , . . . , x n ) ∈ X n . Then one has the inequalities: The following corollary providing some inequalities for unweighted means holds as well. Corollary 1. Let (X, · ) , α ∈ K n and x ∈ X n be as in Theorem 1. Then one has the inequalities
The constants In this paper, some new inequalities of Grüss type for sequences of vectors in normed linear spaces subject of some boundedness conditions are provided. Applications for discrete Fourier and Mellin transforms and for vector-valued polynomials are pointed out as well.
Some Analytic Inequalities
The following result holds. Theorem 2. Let (X, · ) be a normed linear space over the real or complex number field
= {z ∈ K| |z − α| ≤ R} for some α ∈ K and i ∈ {1, . . . , n} , R > 0, then we have the inequality:
The constant c = 1 in the right hand side of the inequality is sharp in the sense that it cannot be replaced by a smaller constant.
Proof. It is easy to see that, the following identity holds true
Taking the norm in (2.2), using the generalised triangle inequality and the fact that α i ∈ D (α, R) , i = 1, . . . , n; we deduce
and the inequality (2.1) is proved. Now, assume that (2.1) holds with a constant C > 0, i.e.,
for α, p and x as in the hypothesis of the theorem.
For n = 2, we have
and thus, by (2.4), we deduce
, then by (2.5) we deduce C ≥ 1 showing that c 0 = 1 is the best possible constant in (2.1).
The following lemma holds.
Lemma 1.
For the complex numbers z, a, A ∈ C, the following statements are equivalent
and
since, obviously Re zA = Re zA . Consequently,
and the lemma is thus proved.
Remark 1.
For the real numbers z, a, A ∈ R (with A ≥ a), the following statements are obviously equivalent:
2 . The following result of Grüss type for vectors in complex normed linear spaces holds.
Theorem 3. Let (X, · ) be a normed linear space over the complex number field
C, α = (α 1 , . . . , α n ) ∈ C n , p = (p 1 , . . . , p n ) ∈ R n + with n i=1 p i = 1 and x = (x 1 , . . . , x n ) ∈ X n .
If there exists the complex numbers
or, equivalently,
then one has the inequality:
The constant 
If there exists the real numbers
then one has the inequality
The constant The dual result where some boundedness conditions for the sequence of vectors are known, also holds. If x i ∈ B (x, R) := {y ∈ X| y − x ≤ R} for some x ∈ X and i ∈ {1, . . . , n} , R > 0, then we have the inequality:
The constant c = 1 is sharp in the sense mentioned above.
Proof. It follows in a similar manner to the one in Theorem 2 on using the following identity (2.13)
We omit the details.
Remark 3. Using the Buniakowsky-Schwarz inequality for real numbers, we may state that
, and then, by (2.12) we may deduce the coarser bound
The following inequality for complex numbers, which is also interesting in itself, holds.
Theorem 5. If there exists the complex numbers a, A ∈ C such that (2.4), or, equivalently (2.5) holds, then one has the inequality
The constant 1 4 is best possible in the sense that it cannot be replaced by a smaler constant.
Proof. We apply Theorem 3 for the choice X = C, · = |·| and x i = α i (i = 1, . . . , n) .
giving the desired result. The fact that 1 4 is the best possible constant may be proved in a similar manner to the one incorporated in the proof of Theorem 2.
Another similar result for complex numbers also golds.
Proposition 2. With the assumptions of Proposition 1 for the complex sequence α, one has the inequality
The constant 1 4 is best possible.
The proof follows by Theorem 3 and Remark 3 on choosing X = C, · = |·| and x i = α i (i = 1, . . . , n) .
Remark 4. Using the above results, we may state the following sequence of inequalities of Grüss type for sequences of complex numbers
The constants 
Application for Discrete Fourier Transforms
Let (X, · ) be a normed linear space over C and let x = (x 1 , . . . , x n ) be a sequence of vectors in X.
For a given w ∈ R, define the discrete Fourier transform [4] (3.1)
where i 2 = −1. The following approximation result for the Fourier transform (3.1) holds. Theorem 6. If x i ∈ B (x, R) := {y ∈ X| y − x ≤ R} , i ∈ {1, . . . , n} , for some x ∈ X and R > 0, then we have the inequality:
for all m ∈ {1, . . . , n} and w ∈ R, w = ℓ m π, ℓ ∈ Z. Proof. From the inequality (2.12) of Theorem 4, we have the inequality
for any α k ∈ C and x k ∈ B (x, R) , k = 1, . . . , n.
We may choose in (3.3) α k = exp (2wimk) to obtain
for all m ∈ {1, . . . , n} .
Since, see for example [4, p. 164] , by simple calculation we have
for w = ℓ m π, ℓ ∈ Z, then by (3.4) we deduce the desired inequality (3.2). The following corollary is obvious.
n and there exists x, X ∈ C such that
then we have the inequality
for each m ∈ {1, . . . , n} and w ∈ R, w = ℓ m π, ℓ ∈ Z. Remark 5. If x ∈ R n and there exists a, A ∈ R such that a ≤ x i ≤ A for i ∈ {1, . . . , n} then
for each m ∈ {1, . . . , n} and w ∈ R, w = ℓ m π, ℓ ∈ Z.
Application for the Discrete Mellin Transform
Let (X, · ) be a normed linear space over K (K = C or K = R) and let x = (x 1 , . . . , x n ) be a sequence of vectors in X.
Define the Mellin transform [4] (4.1)
where the sequence x ∈ X n . The following approximation result holds. Theorem 7. If x i ∈ B (x, R) , i ∈ {1, . . . , n} for some x ∈ X and R > 0, then we have the inequality:
where S p (n) , p ∈ R, n ∈ N is the p−powered sum of the first n natural numbers, i.e.,
Proof. We apply the inequality kx k , then we may state the following.
